Guide to Developing a Science-Based
Biomass Quality Control Program
Technical report no. 42 - October 2018
Marian Marinescu, PhD

NON-RESTRICTED
DISTRIBUTION

fpinnovations.ca

FPInnovations is a not-for-profit worldleading R&D institute that specializes in
the creation of scientific solutions in
support of the Canadian forest sector’s
global competitiveness and responds to
the priority needs of its industry members
and government partners. It is ideally
positioned to perform research, innovate,
and deliver state-of-the-art solutions for
every area of the sector’s value chain,
from forest operations to consumer and
industrial products. Its R&D laboratories
are located in Québec, Montréal, and
Vancouver, and it has technology
transfer offices across Canada. For more
information about FPInnovations, visit:

Technical report no. 42

Abstract
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variation, and ways of eliminating or minimizing product variation
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Introduction
To support the implementation of biomass procurement practices, a formal, rigorous, consistent,
science-based biomass quality control (QC) program is needed. Generally, in any industry sector, two
types of QC programs are used: informal and formal. An informal QC program is usually based on a
simple sampling protocol and QC methodology designed to support an existing payment system
(e.g., per oven-dry tonne), with the sole purpose of resolving customer complaints. On the other hand,
a formal QC program is designed to determine customer needs, the sources of product variation, and
ways of eliminating or minimizing product variation as soon as it occurs in the supply chain for
preventing customer complaints.

The formal biomass QC program

Unlike an informal QC program, which targets quality awareness by performing spot checks, informal
training, and regularly scheduled team meetings, a formal QC program requires a well-designed QC
plan and sampling protocol, statistical process control methodologies and tools, quality improvement
teams, and regularly scheduled training sessions.
The formal QC plan
The following steps are necessary for designing and implementing a formal QC plan:
1. Understand customer needs (e.g., type of biomass, quality attributes, timing and seasonality).
2. Understand where the sources of product variability are (e.g., biomass receiving, handling, storing,
processing, delivery).
3. Collect samples in key points of the biomass flow (e.g., incoming/outgoing, storage).
4. Apply statistical process control methodologies (i.e., graph and analyze process statistics).
5. Implement a customer feedback plan.
6. Develop and disseminate a written QC plan.
7. Develop and implement a rigorous QC training program.
8. Develop and implement management practices leading to continuous improvement.
Biomass sampling protocol
Why collect data?
In informal QC programs, data is typically collected for two purposes: to respond to a crisis and/or to
assign blame. Both purposes are detrimental to staff self-esteem, safety, morale, and productivity, and
will quickly lead to a business or workplace environment that is driven by fear and a lack of trust.
In a formal QC program, data is collected for the sole purpose of understanding and, as much as it is
possible, reducing product variation. The focus of a formal QC program is on learning, understanding,
and collaborating (e.g., between customer and supplier), and the result is a business or workplace
environment that is driven by trust, where people involved in the QC program become experts.
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Steps in developing a reliable sampling protocol
1. Determine what data is required
Usually, the required data is decided through expert knowledge. Interviews and collaborating with
customers are the most obvious methods of identifying the quality attributes that customers require
(e.g., biomass moisture content, percentage of fines, percentage of oversize particles, etc.). To identify
the less obvious quality attributes (e.g., heating value, volatile organic compound content, etc.),
problem-solving sessions with all biomass suppliers and users may be organized.
2. Determine data sources
Today more than ever, because of technological advances, large amounts of data are collected
automatically (e.g., by sensors, scanners, inventory systems, cameras, etc.). Unfortunately, there is
a lot of valuable data that is not analyzed or used. For example, a scanner could be installed at the
biomass intake of a boiler that regulates the speed of the infeed conveyor based on the moisture
content of the biomass intake. This information can also be used to generate QC control charts that
could be shared with biomass suppliers to reduce the variation in moisture content and therefore
improve the efficiency of the boiler.
Many biomass suppliers and users today utilize databases, such as the log inventory and management
system (LIMS), 1 in which data (i.e., volume, moisture content, particle size, etc.) about their biomass
products is stored. Unfortunately, this data is used infrequently, and mostly at the end of an inventory
period (e.g., month, trimester, or year) or when a crisis occurs (e.g., a spike in biomass moisture
content at the boiler). However, analyzing this data with QC tools in day-to-day operations could
prevent or predict extreme events.
It is critical to decide the sample size for each process or supplier, the number of sample iterations
required, the location from where samples should be drawn, how samples should be collected and
stored and what information should be recorded on the sampling bag or receptacles. It is strongly
recommended that rigorously designed sampling protocols are followed, such as those described in
Marinescu, Volpé, Desrochers, and Röser (2015). All this information should be recorded on
a well-designed data entry form.
3. Design a data entry form
Most data entry forms today are designed in an electronic or app format and the data is saved directly
in an integrated company-wide database. Data entry forms should be simple to use, with clear
language, and supported by instructions on how and where data should be entered.
4. Collect data
Data collection should be based on clear, established, and well-written sampling protocols. Training
should be done periodically. Spot checks should be done to ensure that the protocol is followed and
becomes part of the formal QC culture.
1

LIMS is an accounting platform produced by the Canadian company 3LOG Systems Inc., based in Vancouver, with over 500
installations across Canada. LIMS is used by the forest industry as a fibre procurement system that tracks moisture content,
contaminants, and other biomass quality attributes throughout the supply chain.
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For example, if truck drivers are the ones sampling biomass, spot checks should be done randomly at
various times during the day to make sure that protocols are followed. Video cameras at the biomass
unloading stations could be used to monitor how sampling is performed. If a deviation from sampling
protocols is discovered, it should be addressed by a corrective action and an improvement in the
sampling protocol. The idea is that the QC culture becomes as natural as the safety culture, as the two
are related. Sampling protocols should ensure that drawing samples from loads is done safely;
automated sampling technologies exist today and should be used. For example, in-line cameras,
scanners, and sensors should be used as often as possible. When biomass samples are drawn from
a pile or truckload, an automated bucket system should be used so that the person taking the sample is
not exposed to any danger.
For a more detailed description of a sampling protocol and data collection, consult Marinescu, Volpé,
Desrochers, and Röser (2015).
An example of a data collection plan
The following are some elements of QC that should be addressed when developing a data collection
plan:
Quality attributes
•
•
•
•

Moisture content (percentage, wet basis).
Oversize particles (percentage, by weight).
Fine particles (percentage, by weight).
Contamination (percentage, by weight).

Sampling locations
•
•
•

Unloading stations, from the biomass flow (ideal, but an automatic sampling system is
recommended) and/or trailer side window (less accurate).
At the boiler infeed conveyors (automatic sampling system is recommended).
From each pile (drilling or digging into piles is difficult to do on a continuous basis without
destructive sampling/disturbing the piles).

Biomass products sampled
•
•

Bark
White wood chips

Biomass suppliers sampled
•
•
•

Monitor all quality attributes for each supplier.
Ensure that samples for all suppliers are collected at the same frequency (e.g., every load).
With time, suppliers that provide products of consistently good quality (i.e., values that stay within
the control limits of the monitored attributes) may be sampled less frequently. Consequently, the
sampling frequency will depend on the quality of the product a supplier provides.

For biomass sampling protocols, refer to Marinescu, Volpé, Desrochers, and Röser (2015).
FPInnovations
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Statistical QC tools

The following tools can be used to understand, improve, and control the variation in biomass quality
attributes. Biomass suppliers or users may develop their own tools based on the information presented
below, or they may purchase commercial tools (examples are presented at the end of this section).
Flow charts
Before trying to improve the quality of a process or product, the process or product must be well
understood. Flow charts are useful as visual representations of processes, material, and/or information
flows. It is well known that even creating or drawing a flow chart of a process improves our
understanding of it. Flow charts are also helpful communication tools between employees within the
same organization (e.g., QC, production, and management staff) or between different organizations
(e.g., customer and supplier). Flow charts can eliminate unnecessary activities, or they can combine,
simplify, and rearrange activities. A good flow chart addresses the following questions: Where is the
process taking place? How does the process work? What is the purpose of the process? Who is
responsible at each step? What is the time sequence of the process?
Figure 1 shows an example of a flow chart for the process of sampling biomass from incoming biomass
trucks.

Figure 1. Flow chart of a sampling procedure from incoming biomass trucks.

Histograms
Histograms are bar charts that plot useful counts of quality attributes, defective products, or ranges of
measurements. Histograms can be easily produced in Excel using the Analysis ToolPak feature called
Histogram.
Histograms convey useful information about:
•

The central tendency of a measurement distribution, defined by the mean (average) and
median of measurements. For example, Figure 2 shows that wood chips delivered during a period
of one month from a hypothetical supplier had an average moisture content of approximately 45%
(wet basis), while the average moisture content of delivered bark (Figure 3) during the same month
and same supplier was approximately 65% (wet basis).
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Consequently, if a customer of wood chips and bark (e.g., a biomass power plant) required a monthly
average moisture content of 55% (wet basis) for either of these products, these histograms would
convey to the customer that the target moisture content for incoming bark loads was not met during this
month.

•

•

The spread of the data, defined by the variance and standard deviation of measurements. Figure
2 and Figure 3 indicate that the moisture content distributions of both wood chips and bark had
a large spread (between 25% and 80%). Consequently, if the customer acceptance policy requires
that all loads have average moisture contents lower than 60%, 6 loads of wood chips and 46 loads
of bark would have had to be rejected this month. This is one of the major drawbacks of histograms:
they reveal “out of spec” loads only after they occur.
The shape of data, defined by the distribution function. Figure 2 shows that the moisture content
values for wood chips were more or less normally distributed, while Figure 3 shows that those of
bark had a skewed distribution toward the wet zone (i.e., a high average moisture content). The
shapes of these histograms convey the message that bark loads contained a heavy proportion of
wet biomass, while the wood chip loads contained a more uniform distribution between wet and dry
biomass.

Figure 2. Histogram of moisture content measurements of incoming wood chip truckloads.
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Figure 3. Histogram of moisture content measurements of incoming bark truckloads.

Pareto charts
Pareto charts are histograms organized by frequency of quality attributes. These charts can pinpoint
the most problematic quality attributes or processes. Also, a cumulative graph helps interpret and apply
the 80/20 rule: 80% of the benefits can be obtained by correcting 20% of the problems. Pareto charts
can be easily created in Excel using the histogram feature in the Analysis ToolPak and checking the
Pareto output box.
Figure 4 and Figure 5 show Pareto charts for incoming chip and bark truckloads, respectively, sampled
during one month. Figure 4 indicates that 80% of chip loads had moisture contents between 35% and
50%, while Figure 5 shows that 80% of bark loads had moisture contents between 60% and 70%. This
information suggests that this supplier would not have been able to meet a customer target of 60%
maximum moisture content in each load, and corrective actions would have been needed.
Pareto charts can provide important information, especially when developed for size measurements or
biomass conversion processes, such as chipping or grinding, drying, etc., where they reveal the most
important causes of poor product quality or at which stage of the process the problems occur.
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Figure 4. Pareto chart of moisture content measurements of incoming wood chip truckloads.

Figure 5. Pareto chart of moisture content measurements of incoming bark truckloads.
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Scatter plots
Scatter plots are graphs in which all data is plotted on a two-dimensional axis and these are useful for
observing if and how one variable relates to another. For example, scatter plots can be used to observe
how chip size varies with the number of hours of chipper operation to control chip quality and identify
whether wear and tear of the chipping equipment might have occurred. Scatter plots are less commonly
used to plot data variation over time, but even in this case, they can be useful in determining the day or
hour during which the quality attributes vary more widely, when outliers occur, and whether there are
any seasonal trends or extreme variations. Scatter plots can be easily created in Excel using the scatter
chart function.
Figure 6 shows that no visible seasonal variation in moisture content existed between chip loads
received throughout the month. However, chip loads received during days 2 and 8 had wider spreads of
daily moisture content values, which may require further investigation. Likewise, no seasonal variation
existed during this month between bark loads (Figure 7) from this supplier. However, the outlier values
in moisture content of bark loads received during days 3 and 23 seem too low compared with the other
values and could point toward a faulty sample analysis on those two days.

Figure 6. Scatter plot of moisture content measurements of incoming wood chip truckloads.
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Figure 7. Scatter plot of moisture content measurements of incoming bark truckloads.

Run charts
Run charts are similar to scatter plots; they show how the average values of quality attributes vary over
time. These charts can pinpoint certain trends, seasonality variations, outliers, etc.
Figure 8 and Figure 9 show run charts of the daily moisture content averages of the measurements
plotted in Figure 6 and Figure 7, respectively; they confirm the conclusions drawn from observing the
scatter plots. Although run charts are useful in pointing out trends and outliers, they do not indicate
whether the variation in quality attributes is abnormally high or low (i.e., whether it is out of control
or out of specification). For example, the run chart in Figure 9 does not indicate if the average moisture
content of bark loads delivered on day 17 (70%) was abnormally high or if it was within the normal
variation of the monthly moisture content. To determine whether an average value is out of control,
a control chart must be used instead.
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Figure 8. Run chart of moisture content measurements of incoming wood chip truckloads.

Figure 9. Run chart of moisture content measurements of incoming bark truckloads.
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Control charts
Control charts are run charts that are based on statistical analyses of averages and variances. Control
charts have a central line (CL), an upper control limit (UCL), and a lower control limit (LCL) that indicate
when an average quality attribute value is out of control. There are two causes of quality variation:
chance or assignable (Figure 10). Chance variation (or common natural variation) is always present in
a product, while assignable variation is caused by an unforeseen event and must be diagnosed and
corrected. A process is considered “in control” when only chance variation is present; in other words,
when plotted averages are between the UCL and LCL.

Figure 10. Causes of variation in quality attributes. (MC Moisture content)

There are two common types of control charts that must be used together to monitor and control a
process:
•
•

X-bar charts – for controlling process averages;
S charts – for controlling process variation (i.e., standard deviations).

X-bar charts
X-bar charts track various means (e.g., moisture content, percentage of fine particles, percentage of
oversize particles, percentage of contamination) over certain periods of time (e.g., hours, days, weeks,
months). X-bar charts are based on the statistical probability that 99.73% of average values will fall
within ±3 standard errors of the mean from the overall average. Consequently, the control limits of
X-bar charts are set at ±3 standard error of the mean from the central line (the overall mean value).
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In other words, if a process is in control, each sample mean has a 99.73% chance of falling within the
control limits in the X-bar chart. An X-bar chart shows the process average on the y axis, the sample
number or sampling time on the x axis, a central line (overall average, or a target value), a UCL and an
LCL. Sometimes, as in the case of average biomass moisture content (when drier biomass is
desirable), the LCL can be disregarded. The following formulae are commonly used to construct an
X-bar chart:

𝐶𝐶 = 𝑋�

𝑈𝑈𝑈 = 𝑋� + 𝐴3 𝑆̅
Where:

𝐿𝐿𝐿 = 𝑋� − 𝐴3 𝑆̅

𝑋� is the overall average (average of all sample averages).

𝑆̅ is the average standard deviation (the average of the standard deviations of all samples).
𝐴3

is an X-bar chart factor (see Appendix), which applied to

𝑆̅ closely approximates the 3 standard

errors of the mean. The chart factor depends on the sample size n, which is the number of
measurements that were used in calculating each sample average.

The sample size n will impact how the UCL and LCL lines look. They will either be continuous lines,
when the sample size n is the same for all samples, or staggered lines, when the sample size n is
different for each sample. Ideally, sample size n should be the same for all samples. However, in
practice this may be impossible (for example, when the number of daily truckloads of incoming biomass
is different).
Figure 11 shows that the daily truckloads of incoming wood chips during one month had lower moisture
content than those of the bark loads (Figure 12); however, chip loads had 4 average values of moisture
content that were out of control (on days 8, 9, 25, and 29), as opposed to only 1 out of control value for
bark loads (on day 10). Ideally, when a rigorous QC plan is implemented, a record should be
maintained of the special causes for out of control values, so that the problem is eliminated and the
processes are brought back in control. Note the staggered UCL lines which indicate variable sample
sizes during this month.

FPInnovations

Page 16

Figure 11. X-bar chart of moisture content measurements of incoming wood chip truckloads. (AvMC
Average moisture content; MC Moisture content; UCL Upper control limit)

Figure 12. X-bar chart of moisture content measurements of incoming bark truckloads. (AvMC Average
moisture content; MC Moisture content; UCL Upper control limit)
FPInnovations
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S charts
S charts are complementary to X-bar charts; they monitor and control the variation (i.e., standard
deviation) within samples (e.g., loads) across the same time periods as the X-bar charts. Usually,
irrelevant of the quality attribute measured, S charts have only an UCL, because a lower variation is
always desired. It is not uncommon to see X-bar charts in which the averages are within the control
limits (i.e., the process is in control), while in the S charts, the standard deviation values are outside the
control limits. The following formulae are used to construct an S chart:

𝐶𝐶 = 𝑆̅

𝑈𝑈𝑈 = 𝐵4 𝑆̅
𝐿𝐿𝐿 = 𝐵3 𝑆̅

Where:

𝑆̅ is the average standard deviation (the average of standard deviations of all samples).
𝐵3 and 𝐵4 are

the

S

chart factors (see Appendix). As for X-bar charts, the values of these chart

factors depend on the sample size n, which determines whether the UCL and LCL lines are continuous
or staggered.

Figure 13 and Figure 14 show S charts for moisture content values of wood chip and bark loads,
respectively, received during one month. Figure 13 indicates that there were 2 out of control values (on
days 8 and 10) due to high variation in moisture content between the chip loads received during those
two days. No out of control values were recorded for bark loads. The following observations can be
made by analyzing Figures 11 to 14 together:
−

−

The average moisture content of the chip sample taken on day 10 was in control on the X-bar chart,
but out of control on the S chart. This situation indicates a potential problem with the moisture
content variation of chip loads received that day; for example, the loads originated from different
sources, or special events triggered the increase in moisture content on that day (rain, snow, etc.).
The causes of variation should be recorded and, if possible, eliminated.
The variation of moisture content in bark loads dropped considerably on day 15 and stayed fairly
low throughout the remainder of the month. This is a desirable occurrence, and the reasons for it
should be investigated and potentially used as best management practices.
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Figure 13. S chart of moisture content measurements of incoming wood chip truckloads. (AvSD Average
standard deviation; SD Standard deviation; UCL Upper control limit)

Figure 14. S chart of moisture content measurements of incoming bark truckloads. (AvSD Average
standard deviation; SD Standard deviation; UCL Upper control limit)
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wet basis)

X-bar and S charts are also recommended for monitoring and controlling quality attributes of outgoing
biomass. Figure 15 presents an X-bar chart of weekly averages of moisture content of biomass that is
fed into a boiler. Note that because the sample sizes were fairly similar every week, the UCLs form
almost a straight line. Also notable is the large number of average moisture content values that are out
of control, mostly due to seasonal differences (winter versus summer). Consequently, an adjustment for
the summer month should be done to the control limits to reflect these differences (i.e., to lower the
UCL during the summer). As biomass fed to the boiler is mixed in advance to ensure fairly consistent
moisture content, producing X-bar and S charts is recommended on a daily basis instead of weekly to
provide valuable guidance on how to control and improve the mixing process.

Figure 15. X-bar chart for outgoing biomass (to boiler). (AvMC Average moisture content; MC Moisture
content; UCL Upper control limit)

Radar charts
All the tools described above can be used to construct visual representations for any quality attributes:
moisture content, energy value, contamination, percentage of fines and oversize particles, etc. In some
instances, however, QC managers may want to compare several quality attributes simultaneously or
compare the performance of various suppliers or biomass sources. Radar charts can be constructed
easily in Excel to plot actual or relative values of various attributes and could include UCLs, LCLs,
targets, and other relevant values.
Figure 16 shows an example of how a radar chart could simultaneously compare the average monthly
moisture content of loads received from six suppliers. The graph suggests that three suppliers did not
meet the customer’s average target moisture content of 45% for chips and 55% for bark. This type of
comparison can also be easily generated for other quality attributes.
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Figure 16. Radar chart of average monthly moisture content values by supplier. (MC Moisture content)

Radar charts can also be used to visualize the performance of various suppliers based on multiple
attributes. Figure 17 shows radar charts in which the performance of two suppliers was compared
based on the following biomass quality attributes: high heating value, moisture content, contamination,
percentage of oversize particles, and percentage of fines. Supplier 1 delivered biomass with
contamination, percentage of fines, and oversize particle values that were in control, but the moisture
content and high heating value were out of control. By contrast, supplier 2 delivered biomass with high
heating value, moisture content and contamination that were in control, but the percentages of fines
and oversize particles were out of control.
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Figure 17. Radar charts of performance attributes by supplier. (LCL Lower control limit; ODt Oven-dry
tonnes; UCL Upper control limit)
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Summary of biomass statistical QC tools
Table 1 summarizes the tools described in this report and the questions they can answer:
Table 1. Summary of QC tools

Tool
Flow chart
Histogram
Pareto chart
Scatter plot
Run chart
Control chart
Radar chart

Questions
What is the process flow? How is sampling done and where?
How is the data distributed?
What are the most significant problems?
Are there any relationships between attributes? Any trends?
How does the quality of an attribute vary over time? Any trends?
Is the process in control? Can any special causes of variation be eliminated?
How do multiple quality attributes or suppliers compare?

Commercial QC tools
All the tools presented above can be developed in-house, within the existing databases, or they can be
purchased as standalone software packages. Table 2 shows some of the commercial QC tools that can
be purchased:
Table 2. Commercial QC tools

Product name
WinSPC 9.0.2
QI Macros
Enact
SQCpack

Website

Description
US$1,600/single licence. Runs in real time. Builds control
www.winspc.com
charts and reports. Trial version available. Support and
training available.
US$399/perpetual licence. Add-in for Excel. Builds control
www.qimacros.com charts, histograms, Pareto charts, scatter plots, flow charts.
Trial version available. Support and training available.
US$65/licence/month. Cloud-based real-time tool. Builds
www.infinityqs.com
control charts and reports. Support and training available.
Builds control charts and reports. Trial version available.
www.pqsystems.com
Support and training available.

Note: This is not a comprehensive list of statistical process control tools. FPInnovations does not imply
endorsement of any products by providing this list.

Conclusions and recommendations
To support the implementation of biomass procurement practices, a formal, rigorous, consistent,
science-based biomass QC program is needed. This program should be designed to determine
customer needs, the sources of product variation, and ways of eliminating or minimizing product
variation as soon as it occurs. The program requires a well-designed, formal QC plan and sampling
protocol, statistical process control methodologies and tools, formal QC teams, and regular training.
This report described various statistical QC tools and demonstrated them using examples of biomass
moisture content data. These tools can be developed in-house or be purchased, but their integration
with existing databases (e.g., LIMS) is recommended. FPInnovations experts can assist in developing
customized QC programs for companies and for biomass products, and they can train QC teams to
develop and use the QC tools presented here.
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Appendix
Control chart factors
A

A2

A3

c4

B3

B4

B5

B6

d2

1/d2

d3

D1

D2

D3

D4

2

2.121

1.880

2.659

0.7979

0.000

3.267

0.000

2.606

1.128

0.8862

0.853

0.000

3.686

0.000

3.267

3

1.732

1.023

1.954

0.8862

0.000

2.568

0.000

2.276

1.693

0.5908

0.888

0.000

4.358

0.000

2.575

4

1.500

0.729

1.628

0.9213

0.000

2.266

0.000

2.088

2.059

0.4857

0.880

0.000

4.698

0.000

2.282

5

1.342

0.577

1.427

0.9400

0.000

2.089

0.000

1.964

2.326

0.4299

0.864

0.000

4.918

0.000

2.114

6

1.225

0.483

1.287

0.9515

0.030

1.970

0.029

1.874

2.534

0.3946

0.848

0.000

5.079

0.000

2.004

7

1.134

0.419

1.182

0.9594

0.118

1.882

0.113

1.806

2.704

0.3698

0.833

0.205

5.204

0.076

1.924

8

1.061

0.373

1.099

0.9650

0.185

1.815

0.179

1.751

2.847

0.3512

0.820

0.388

5.307

0.136

1.864

9

1.000

0.337

1.032

0.9693

0.239

1.761

0.232

1.707

2.970

0.3367

0.808

0.547

5.394

0.184

1.816

10

0.949

0.308

0.975

0.9727

0.284

1.716

0.276

1.669

3.078

0.3249

0.797

0.686

5.469

0.223

1.777

11

0.905

0.285

0.927

0.9754

0.321

1.679

0.313

1.637

3.173

0.3152

0.787

0.811

5.535

0.256

1.744

12

0.866

0.266

0.886

0.9776

0.354

1.646

0.346

1.610

3.258

0.3069

0.778

0.923

5.594

0.283

1.717

13

0.832

0.249

0.850

0.9794

0.382

1.618

0.374

1.585

3.336

0.2998

0.770

1.025

5.647

0.307

1.693

14

0.802

0.235

0.817

0.9810

0.406

1.594

0.399

1.563

3.407

0.2935

0.763

1.118

5.696

0.328

1.672

15

0.775

0.223

0.789

0.9823

0.428

1.572

0.421

1.544

3.472

0.2880

0.756

1.203

5.740

0.347

1.653

16

0.750

0.212

0.763

0.9835

0.448

1.552

0.440

1.526

3.532

0.2831

0.750

1.282

5.782

0.363

1.637

17

0.728

0.203

0.739

0.9845

0.466

1.534

0.458

1.511

3.588

0.2787

0.744

1.356

5.820

0.378

1.622

18

0.707

0.194

0.718

0.9854

0.482

1.518

0.475

1.496

3.640

0.2747

0.739

1.424

5.856

0.391

1.609

19

0.688

0.187

0.698

0.9862

0.497

1.503

0.490

1.483

3.689

0.2711

0.733

1.489

5.889

0.404

1.596

20

0.671

0.180

0.680

0.9869

0.510

1.490

0.504

1.470

3.735

0.2677

0.729

1.549

5.921

0.415

1.585

21

0.655

0.173

0.663

0.9876

0.523

1.477

0.516

1.459

3.778

0.2647

0.724

1.606

5.951

0.425

1.575

22

0.640

0.167

0.647

0.9882

0.534

1.466

0.528

1.448

3.819

0.2618

0.720

1.660

5.979

0.435

1.565

23

0.626

0.162

0.633

0.9887

0.545

1.455

0.539

1.438

3.858

0.2592

0.716

1.711

6.006

0.443

1.557

24

0.612

0.157

0.619

0.9892

0.555

1.445

0.549

1.429

3.895

0.2567

0.712

1.759

6.032

0.452

1.548

25

0.600

0.153

0.606

0.9896

0.565

1.435

0.559

1.420

3.931

0.2544

0.708

1.805

6.056

0.459

1.541

n

For n > 25

𝐴3 =

3

𝑐4√𝑛

𝐵3 = 1 − 3�𝑐4 �1 − 𝑐42
𝐵4 = 1 + 3�𝑐4 �1 − 𝑐42
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